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Theorem 7.

Let w, (0 < p < On) be regular. There is (up to isomorphism) a unique real-closed
wy-Archimedean ordered field having no Dedekind s-gaps. If u = 0 (resp. On), then the
field is isomorphic to IR (resp. No), and if p > 0, the power of the field is On.

Proof.

~ We need only consider the cases where p # 0, On. For each such uncountable regular
wy, let A# be the union of a continuous chain A5(f < On) where Af is a real-closure of
W, and Af,, is a real-closure of a simple transcendental extension Aj(tg) where 5 is a
transcendental which fills both a Dedekind gap in A% and any of the heretofore unfilled
Dedekind gaps in A%, A% being the first member of the chain A% (e < B) for which there
1s a Dedekind gap (X,Y) such that for no 2 € Uagﬁ AR X < {z} < Y. Since, (i) all of
the Ags are real-closed, (ii) every algebraic extension of an ordered field is Archimedean
over the given field (cf. [17], p. 36), and (iii) by a result of Baer ([17], pp. 69-70) A%(t5) is
Archimedean over Ag, A* is a real-closed w,- Archimedean ordered field. Moreover, since
the existence of a Dedekind s-gap in A# would clearly require the presence of a Dedekind
gap 1n some Ag which is not subsequently filled, A# has no Dedekind s-gaps. Finally,

that A* has power On is evident in virtue of the fact that each AZ has a Dedekind gap
which is subsequently filled.

To establish uniqueness we employ a variation of the classic back and forth argument
used to establish the uniqueness of real-closed fields that are n,-orderings of uncountable
power R, [7]. For this purpose if X is a subset of a real-closed field A, then by (X)4 we
mean the ordered subfield of A consisting of all elements of A algebraically dependent
on X over the rationals, 1.e., the least real-closed subfield of A containing X. As is
well-known, (X) 4 always exists and [(X) 4| = max(Rq, [ X|).

Let A and B be real-closed fields of the relevant kinds, f : W, — W/’ be an isomor-

phism between isomorphic copies of W, in A and B, and @,b be well-orderings of A — W,
and B — W/ respectively. We obtain the desired surjection F': A — B by defining by re-
cursion a continuous chain f,(a < On) of isomorphisms where F' = | J, . o,, fo as follows.
If o =0, welet fo: Ag = (W,)a — Bo = (W//)p be the unique isomorphism of this
form extending f. If & = 28 + 1, we take the first unused element of @, call it asg, and
let fapy1 o Azpp1 = (Azp U {azs})a — B be the unique order preserving isomorphism
of this form extending an order injection go5 : Asp U {azs} — B that extends fog. If
& = 2342 we take the first unused element of b, call it byg 41, and let fag,o = hz_ﬁl+2 where
hagio: Bagio = (fopi1(A2g+1)U{b2gs1})8 — A is the unique order preserving isomor-
phism of this form extending an order injection gagy1 @ fop+1(A2g41) U {baps1} — A

that extends f;ﬁl_H. The existence of the f,s follows from classic results in the theory

of real-closed ordered fields (cf. [7], pp. 545-546), and the existence of the gygs (resp.
926+15) follows from the fact that B (resp. A) has no Dedekind s-gaps, and each ass

- (resp. bypy1) fills a Dedekind gap in Aszg (resp. Bagser = fops1(A2ps1)), for otherwise
- Agpyi (resp. Bogy2) would not be Archimedean over Agp (resp. Bogy1) (cf. [8], p. 381),

“which is impossible.
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